Abstract. We study classes of modules over a commutative ring which allow to do homological algebra relative to such a class. We classify those classes consisting of injective modules by certain subsets of ideals. When the ring is Noetherian the subsets are precisely the generization closed subsets of the spectrum of the ring.
Introduction
Homological algebra is in part the art of replacing a module, or more generally a chain complex, by an equivalent chain complex whose entries are either injective or projective modules. What happens if one changes the meaning of the word injective? It is well known since the seminal work [4] of Eilenberg and Moore that each notion of injective (or projective) determines, and is determined by, a corresponding notion of exactness. This has been a very fruitful generalization, leading for instance to the development of "pure homological algebra", a subject which started maybe with the work of Warfield [10] , or the possibility to work with flat covers and cotorsion envelopes, as proved by Bican, El Bashir, and Enochs in [1] for modules, and generalized by Enochs and Estrada to quasi-coherent sheaves in [5] .
In this paper we investigate which classes of modules are fit to do homological algebra. We call them injective classes and concentrate on those which consist in injective modules. Our main result is a characterization and a description of such classes in terms of ideals.
Theorem 3.7 Let R be a commutative ring.
(1) A collection of injective modules is an injective class if and only if it is closed under retracts and products.
(2) Injective classes of modules are in one-to-one correspondence with saturated classes of ideals of R.
In the first section we set up the notation and recall classical examples of injective classes. In the second section we study "saturated classes" of ideals. We prove then our main result Theorem 3.7 in Universitat Autónoma de Barcelona and Amnon Neeman at the Australian National University for providing terrific conditions for a sabbatical. We would like to also thank the generous support of the Göran Gustafssons Stiftelse.
Injective classes of modules
In this section we will recall the notion of injective classes and provide classical examples. Denote by I the class of retracts of arbitrary products of elements of I. A morphism is an I-monomorphism if and only if it is a I-monomorphism. We will thus require that I be closed under retracts and products so that I = I and we define:
A collection I of R-modules is an injective class if it is closed under retracts and products and R-Mod has enough I-injectives.
It should be pointed out that general products have considerably more retracts than direct sums, see Proposition 3.3.
It is clear that a composite of I-monomorphisms is again an I-monomorphism. We say that a morphism f has a retraction, if there is a morphism r such that rf = id. Any morphism that has a retraction is an I-monomorphism, for any class I, and in fact these are the only morphisms that are I-monomorphisms for every class I. Observe also that I-monomorphisms are preserved under base change: if f : M → N is an I-monomorphism, then, by the universal property of a push-out, so is its push-out along any morphism M → M . By the same argument an arbitrary coproduct of I-monomorphisms is also an I-monomorphism. In general however, limits and products of I-monomorphisms can fail to be I-monomorphisms (see Example 1.5). Recall that a module W is injective if, for any monomorphism f , Hom R (f, W ) is an epimorphism.
The collection I of all injective modules is an injective class and I-monomorphisms are the ordinary monomorphisms.
The use of adjoint functors to provide new injective classes has proved to be fruitful and goes back at least to Eilenberg-Moore [4] . The following proposition is just a reformulation of their Theorem 2.1.
r be a pair of functors such that l is left adjoint to r.
Let I be a collection of R-modules.
(1) A morphism f in S-Mod is an r(I)-monomorphism if and only if lf is an I-monomorphism in R-Mod. At the end of the section we now turn to some classical examples. Other injective classes will be described and studied more thoroughly in the next two sections. article [6] . Similarly, the collection of R-modules which are retracts of modules of the same form Hom S (R, N ), but for all injective S-modules N , is also an injective class of R-modules.
Assume now that S is a commutative ring and S → R be an S-algebra (i.e. the image of this ring homomorphism lies in the center of R). The forgetful functor R-Mod → S-Mod is right adjoint to R ⊗ S − : S-Mod → R-Mod. Thus, again by Proposition 1.4, both the collection of S-linear summands of R-modules and the collection of S-linear summands of all injective R-modules form injective classes of S-modules. A monomorphism relative the first collection is a homomorphism f for which f ⊗ S R is a split monomorphism. A monomorphism relative to the second collection is a homomorphism f for which f ⊗ S R is a monomorphism. In general monomorphisms with respect to these classes are not preserved by infinite products. Consider the rational numbers as an algebra over the integers Z → Q. Let I be the class of abelian groups consisting of Q-vector spaces. Then, for any prime number p, Z/p → 0 is an I-monomorphism. However the product p Z/p → 0 is not an I-monomorphism since, for instance, the diagonal map gives an inclusion Z → p Z/p.
Saturated sets of ideals in a commutative ring
Let R be a commutative ring. The aim of this and the next section is to describe injective classes in R-Mod which consists of injective modules. We are going to enumerate them by certain sets of ideals in R called saturated. In this section we discuss such sets of ideals.
Definition 2.1. We say that a set of ideals L in R is saturated if it consists of proper ideals and is closed under the following operations:
(1) an intersection of ideals in L belongs to L;
(2) if I ∈ L, then, for any r ∈ R \ I, (I : r) = {s ∈ R | sr ∈ I} also belongs to L;
(3) if a proper ideal J has the property that, for any r ∈ R \ J, there is I ∈ L such that
Example 2.2. In the ring of integers Z the class of ideals (p n ) for a fixed prime p and all n ≥ 1 forms a saturated class. In the ring of dual numbers k[x]/(x 2 ) over a field k the maximal ideal (x) forms a saturated class by itself.
Conditions (2) and (3) of Definition 2.1 can be phrased in terms of submodules and homomorphism if we identify an ideal I with the cyclic module R/I (a module generated by one element whose annihilator is given by I). A set of ideals L satisfies (2) if the annihilator of any non-trivial and cyclic submodule of R/I belongs to L. Condition (3) is equivalent to the following: if, for any non-trivial and cyclic submodule of R/J, there is a nonzero homomorphism to R/I for some I ∈ L,
Definition 2.3. Let L be a given set of ideals in R. The saturated set of ideals generated by L is the smallest saturated set of ideals containing L. We write simply Sat(I) to denote the saturated set of ideals generated by the collection consisting of one ideal I.
Note that the intersection of saturated sets of ideals is again saturated. In particular Sat(L) is the intersection of all saturated sets of ideals containing L.
Proposition 2.4. Let I be an ideal in R. The set Sat(I) consists of intersections of ideals J with the following property: for any r ∈ R \ J, there is s ∈ R \ I such that (J : r) ⊂ (I : s).
Proof. Let S be the set of such intersections. The inclusion S ⊂ Sat(I) is a consequence of the fact that Sat(I) satisfies condition (3) of Definition 2.1. To prove the statement we need to show that S is saturated. By definition S is closed under intersections.
Let J ∈ S and t ∈ R \ J. By definition of S and since for any r ∈ R \ (J : t), the element rt is not in J, there is s ∈ R \ I, so that ((J : t) : r)) = (J : rt) ⊂ (I : s). This proves that condition (2) of Definition 2.1 holds for S.
Finally to prove that S satisfies condition (3) of Definition 2.1, let J be a proper ideal such that,
A basic general fact about the collection of all saturated sets of ideals in a ring R is:
Proposition 2.5. With the inclusion relation the saturated sets of ideals in R form a complete lattice.
Proof. Let {L s } s∈S be a collection of saturated sets of ideals in R. The supremum among the saturated sets which are contained in L s for any s ∈ S is given by the intersection s∈S L s . The infimum among saturated sets containing L s for any s ∈ S is given by Sat(∪ s∈S L s ).
Ultimately we would like to be able to describe the lattice of saturated sets of ideals in terms of properties of the ring R. For example, for a Noetherian R, this lattice can be identified, as we show next, with the inclusion lattice of subsets of the prime spectrum Spec(R) of R closed under generization. Recall that a set of primes S in R is closed under generization if, for p ∈ S, if q is a prime such that q ⊂ p, then q ∈ S. Arbitrary intersections and unions of such subsets are also closed under generization. It follows that, with the inclusion relation, the collection of subsets of Spec(R) closed under generization is a complete lattice. The Noetherian assumption is used here to ensure that any ideal has a at least one associated prime ideal. Before coming back to the mentioned identification, we prove a preliminary lemma.
Lemma 2.6. Let R be a Noetherian ring.
(1) For a set of prime ideals ℘ in R, Sat(℘) consists of ideals whose associated primes are sub-ideals of ideals in ℘.
Proof.
(1): Set L to be the collection of ideals whose associated primes are sub-ideals of ideals in ℘. We first show that L is saturated. This is basically a consequence of two facts: all associated primes to an ideal I are of the form (I : r) for some r ∈ R \ I, and maximal ideals of the form (I : r), for r ∈ R \ I, are primes associated to I. The first fact implies that L satisfies condition (3) of Definition 2.1. Condition (2) is a consequence of the fact that, for r ∈ R \ I, the associated primes of (I : r) are among the associated primes of I. It remains to show that L is closed under intersections (condition (1)). Let {I s } be a family of ideals in L. An associated prime p to s I s is of the form ( s I s : r), for some r ∈ R \ s I s . Now p = ( s I s : r) is contained in (I s : r), for any s such that r ∈ I s and (I s : r) is a sub-ideal of an associated prime to I s , which by definition is a sub-ideal of an ideal in ℘. The ideal s I s is thus a member of L. Since ℘ ⊂ L and L is saturated,
To show the opposite inclusion L ⊂ Sat(℘), let I ∈ L. We are going to use condition (3) of Definition 2.1 to show that I ∈ Sat(℘). For any r ∈ R \ I , the ideal (I : r) is a sub-ideal of an associated prime p which, by definition of L, is a sub-ideal of an ideal in ℘ ⊂ Sat(℘). Condition (3) implies then that I ∈ Sat(℘). Proof. We first prove that, if L is saturated, then Sp(L) is closed under generization so the association Sp is well defined. To see this, it is enough to observe that if q ∈ L then, for any prime
This follows from condition (3) of Definition 2.1 and the fact that, for a prime ideal p, (p : r) = p, for any r ∈ R \ p.
Let S be a set of prime ideals in R closed under generization. According to Lemma 2.6, Sat(S)
consists of those ideals whose associated primes are sub-ideals of primes that belong to S. As S is closed under generization, Sat(S) consists simply of those ideals whose associated primes do belong to S.
As both Sp and Sat are order preserving, to show that Sp is an isomorphism of lattices, it
is enough to prove that, for a saturated set of ideals L and a subset S of Spec(R) closed under generization, Sat(Sp(L)) = L and Sp(Sat(S)) = S. First, by definition Sat(sp(L)) = Sat(Spec(R)∩ L). We can now use Lemma 2.6.(2) to conclude that Sat(sp(L)) = L.
Second, the definition of Sp says that p ∈ Sp(Sat(S)) if and only p ∈ Sat(S). This is equivalent to p having an associated prime that belongs to S. However p has only p as an associated prime and thus p ∈ Sp(Sat(S)) if and only if p ∈ S.
When the ring R is not Noetherian, there can be considerably more saturated sets of ideals in R, than subsets of Spec(R) closed under specialization. Here is an example of a ring with a single prime ideal, but many saturated sets of ideals.
Example 2.9. Let k be a field and
. This ring and its Bousfield classes have been studied recently by Dwyer and Palmieri in [3] . It is also closely related to Neeman's original example of a ring with a single prime ideal but uncountably many Bousfield classes, [9] . We are going to show that this ring has uncountably many saturated sets of ideals.
Any element in R can be written uniquely as a k-linear combination of monomials of the form
For any subset S ⊂ N, we denote the ideal (X i ) i∈S by I S . Recall that the symmetric difference of two subsets S, T ⊂ N is given by S∆T := (S ∪ T ) \ (S ∩ T ). We claim that if the symmetric difference of S and T is infinite then Sat(I S ) and Sat(I T ) are different saturated sets of ideals in R.
Notice first that for k ∈ S the ideal (I S : x k ) is I S∪{k} . This implies that if S and T differ by only finitely many natural numbers, then Sat(I S ) = Sat(I T ).
Let f ∈ R \ I S . This element f is a sum of monomials that involves only finitely many variables X i . Let F be the finite set of indexes of these variables. We first show that (I S : f ) ⊂ I S∪F .
Let g ∈ (I S : f ). We can write g = g 1 +g 2 , where g 1 is a sum of monomials for which the index of at least one of the variables belongs to S ∪ F and g 2 is a sum of monomials that are products of variables whose indexes do not belong to S ∪ F . Thus, since g 1 ∈ I S∪F , the element g belongs to I S∪F if and only if g 2 does. As the variables occurring in g 2 are different from the variables occurring in f , the products of monomials of f and monomials of g 2 are linearly independent overk. However f g 2 can be written as f g − f g 1 , where f g ∈ I S . Thus f g 2 can be written as a k-linear combination of monomials that are products of variables for which at least one index belongs to S ∪ F . Since monomials are linearly independent over k, if g 2 = 0, the monomials of f are products of variables where at least one index is in S. That would however imply that f ∈ I S , which contradicts our assumption that f ∈ R \ I S . It follows that g 2 = 0 and hence g = g 1 ∈ I S∪F . Assume now that the symmetric difference of S and T is infinite. This happens if either S \ T or T \ S is infinite. Assume that S \ T is infinite. In this case we claim that I S ∈ Sat(I T ). Otherwise, according to Proposition 2.4, there would be some f ∈ R \ I T , for which I S ⊂ (I T : f ). This is however impossible, since we have just proved that (I T : f ) ⊂ I T ∪F for some finite F .
To show that the ring R has uncountably many saturated sets of ideals, it is enough to exhibit an uncountable family of subsets of N for which the symmetric difference of any two is infinite. Let us choose a partition of N by countably many infinite subsets A 1 , A 2 , . . . . For example A 1 could be the subset of odd numbers, A 2 the subset of those even numbers which are not divisible by 4, and A n the subset of numbers divisible by 2 n−1 but not by 2 n . For any subset X of N define S X to be the subset of those numbers which belong to A x for some x ∈ X. In other words S X = x∈X A x .
Since any A n is infinite, the symmetric difference between any two subsets of the form S X must be infinite. Finally, as the set of subsets of N is uncountable, we have exhibited uncountably many saturated sets of ideals.
Injective subclasses of injective modules
Let R be a commutative ring. In this section we are going to classify injective classes of Rmodules that consists of injectives. We show that there is a bijection between such classes and the collection of saturated sets of ideals in R. In particular we will show that there is a set of such injective classes.
For an R-module M , let E(M ) be the injective envelope of M . Here are some basic properties of the injective envelope of a cyclic module:
Lemma 3.1. Let I be an ideal in R, E(R/I) the injective envelope of R/I, M an R-module, and
(1) Hom R (M, E(R/I)) = 0 if and only if, for any m ∈ M and any r ∈ R \ I, ann(m) ⊂ (I : r).
(2) Hom R (f, E(R/I)) is an epimorphism if and only if Hom R (kerf, E(R/I)) = 0. ker Hom R (f, E(R/I)) = Hom R (coker(f ), E(R/I))
coker Hom R (f, E(R/I)) = Hom R (ker(f ), E(R/I))
Statements (2) and (3) clearly follow. The following proposition tells us that E(L) is the smallest injective class generated by the set L. ann(x) = {r ∈ R | rx = 0} for some non-zero element x ∈ W ∈ I.
Thus L(I) consists of those proper ideals I for which there is an inclusion R/I ⊂ W for some
Lemma 3.5. If I is a collection of injective modules which is closed under products, then L(I) is saturated.
Proof. We need to check the three conditions of Definition 2.1. Let {I s } s∈S be a set of ideals in L(I). For any s choose W s ∈ I such that R/I s ⊂ W s . Then R/( s∈S I s ) is a submodule of s∈S R/I s and hence a submodule of s∈S W s . As I is assumed to be closed under products,
If R/I is a submodule of some W ∈ I, then so is R/(I : r), as R/(I : r) is a submodule of R/I generated by r. Condition (2) of Definition 2.1 is then satisfied.
To prove condition (3), assume J has the property that, for any r ∈ R \ J, there is I r ∈ L(I)
such that (J : r) ⊂ I r . Let W r ∈ I be a module for which R/I r ⊂ W r . Set φ r : R/J → W r to be a homomorphism which restricted to the submodule R/(J : r) ⊂ R/J, generated by r, is given by the composition R/(J : r) → R/I r ⊂ W r , where the first homomorphism is given by the quotient induced by the inclusion (J : r) ⊂ I r . Such a homomorphism φ r exists since W r is an injective module. The product r∈R\J φ r : R/J → r∈R\J W r is then a monomorphism. As I is closed under products, it follows that J ∈ L(I).
(2) If I is a collection of injective modules which is closed under retracts and products, then
follows from the fact that, for any ideal I, R/I is a submodule of its envelope E(R/I).
To show the other inclusion L(E(L)) ⊂ L we need the assumption that L is saturated. Let
where I s ∈ L. Thus J = s∈S ann(x s ). Since L is saturated, to show that J ∈ L, it is enough to prove that if I ∈ L, then ann(x) ∈ L for any non-trivial x ∈ E(R/I). Consider an envelope R/I ⊂ E(R/I). For any r ∈ ann(x), the intersection of R/I with the submodule of E(R/I) generated by rx is non-trivial. Thus there is t ∈ ann(rx), so that trx ∈ R/I. It is then clear that (ann(x) : r) = ann(rx) ⊂ ann(trx) = (I : trx). As this happens for any r ∈ ann(x), we can use condition (3) in Definition 2.1 to conclude that ann(x) ∈ L.
(2): If I ∈ L(I), then R/I ⊂ W for some W ∈ I. As I consists of injective modules, then E(R/I) ⊂ W and consequently E(R/I) is a retract of W . Since I is closed under retracts, E(R/I) belongs to I. It is then clear that E(L(I)) ⊂ I.
Let W ∈ I. For any 0 = w ∈ W , let φ w : W → E(R/ann(w)) be a homomorphism which restricted to the submodule generated by w is given by the inclusion in its injective envelope R/ann(w) ⊂ E(R/ann(w)). The existence of such a homomorphism is guaranteed by the injectivity of E(R/ann(w)). The product φ w : W → E(R/ann(w)) is then a monomorphism. As W is injective, it is a retract of E(R/ann(w)). However E(R/ann(w)) ∈ E(L(I)), for any w. This implies that W ∈ E(L(I)) and shows the inclusion I ⊂ E(L(I)).
We are now ready to show that there is a bijective correspondance between injective classes consisting of injective modules and saturated classes of ideals.
Theorem 3.7.
(1) A collection of injective modules is an injective class if and only if it is closed under retracts and products. those complexes X such that Hom R (X, W ) is acyclic for any W ∈ I. The main result in [8] tells us that this class is determined by the prime ideals q for which k(q) is I-acyclic, i.e. for which Hom R (k(q), E(R/p)) = 0 for all prime ideals p with E(R/p) ∈ I. But if there is a non-zero homomorphism k(q) → E(R/p), then there is also one from k(q ) for any q ⊂ q (coming from the projection R/q → R/q). This shows that the subset {q ∈ Spec(R) | k(q) is I-acyclic} is closed under specialization.
